FURTHER THEOREMS OF PROPOSITIONAL CALCULUS

MICHAEL MEYLING

ABSTRACT. This module includes proofs of popositional calculus theorems. The following theorems and
proofs are adapted from D. Hilbert and W. Ackermann’s ‘Grundzuege der theoretischen Logik’ (Berlin
1928, Springer)
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This module has the following specification:

Name: prophilbert3

Version: 1.00.00

Rule version: 1.02.00

Orgin: http://www.meyling.com/principia/0_00_51/prophilbert3_1.00.00_1.
02.00.qgedeq

The following modules were used:

Name: prophilbert2

Version: 1.00.00

Rule version: 1.02.00

Orgin: prophilbert2_1.00.00_1.02.00.qgedeq
pdf: prophilbert2_1.00.00_1.02.00.pdf

Is used by the following modules:

Name: predtheo2

Version: 1.00.00

Rule version: 1.02.00

Orgin: predtheo2_1.00.00_1.02.00.qedeq
pdf: predtheo2_1.00.00_1.02.00.pdf

Date: 2002-07-27T20:56:01.
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First distributive law (first direction):

Theorem 0.1.

(P V(QAA) = ((PVEQ) APV A)

Proof.
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First distributive law (second direction):

Theorem 0.2.

(P Vv Q) A (PV A) = (PV(QAA))

Proof.
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A form for the abbreviation rule form for disjunction (first direction):

Theorem 0.3.
(P VvV Q) = =(=P A Q)

Proof.
1 (P = P)
2 @Q = Q)
3 (P V@ = (PVQ)
4 (P Vv Q) = —(PVQ)
5 (P V Q) = (=P V Q)
6 (P V Q) = -=(==P V -=Q))
7 (P Vv Q) = =(=P A =Q))
O

A form for the abbreviation rule form for disjunction (second direction):

Theorem 0.4.
(=(=P A =Q) = (P V Q))

Proof.
1 (P = P)
2 @Q = Q)
3 (PV Q) = (PVAQ)
4 (—=(P VvV Q) = (PV Q)
5 (m2(==P VvV Q) = (P V Q)
6 (m(==P vV Q) = (P V Q)
T (P A Q) = (PV Q)
O

By duality we get the second distributive law (first direction):

Theorem 0.5.
(P A@QVA)=((PAQQV (P AA))

Proof.

add sentence hilb2

replace P by @ in 1

replace Q by (P V Q) in 2
elementary equivalence in 3 at 5 of
hilb5 with hilb5

elementary equivalence in 4 at 8 of
hilb5 with hilb5

elementary equivalence in 5 at 11 of
hilb5 with hilb5

reverse abbreviation and in 6 at oc-

curence 1

add sentence hilb2

replace P by @ in 1

replace Q by (P V Q) in 2
elementary equivalence in 3 at 2 of
hilb5 with hilb5

elementary equivalence in 4 at 5 of
hilb5 with hilb5

elementary equivalence in 5 at 8 of
hilb5 with hilb5

reverse abbreviation and in 6 at oc-

curence 1
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((Pve) APV A = (PV@QAA)

(P = Q) = (-Q = -P))

(P = A = (WA = -P))

(B = A) = (-A = -B))

(B = (PV(QAA)) = (=(PV(QAA) = -DB))
(P v e A @V A = (PV(@QANA) =
(=(P V(@ AN A) = =(PV Q) APV A))
(=P V(@A A) = ~((PVQ NPV A)

(=P VvV =@ A A) = (P V Q) APV A)
(=(P VvV =@ A A) = ~(==(PV Q) APV A)
(=(PV ==(Q A A) = ~(==(PVQ)A-(PV A))
(=(PV ==(Q A B)) = ~(-=(P VvV Q) AN ~=(P V B)))
(=(PV ==(C AN B)) = —=(=~(P VvV C) A —=~(PV B)))
(=(D VvV ==(C A B)) = —(=~(D Vv C) A ==(D Vv B)))
(=(D VvV —==(C A =A)) = =(==(D Vv C) A —-~(DV —A)))
(=(D V ==(=Q A —4)) = =(==(D V =Q) A ==(D V

A =(=Q A =A)) = ~(=—(=P V Q) A ~~(=P V
PR (@A) = (P v Q) A o =P ¥ )
(P A(QV A) = (H(=P V —Q) V ~(-P V —4)))
(PAQVA) = (PAQV (=P V -4))

(P A@QV A) = (PAQ)V(PAA)

The second distributive law (second direction):

Theorem 0.6.

Proof.

T W N

(P AQ) VvV (P AA) = (PA@VA))

(PV(@QAA)=(PVQ AN(PVA)

(P = Q) = (-Q = —P))

(P = A) = (WA = -P))

(B = A) = (A = -B))

(B=((PVQ ANPVA)= PV APV
A)) = -B))

(P v (@nAA) = (PVQ AN(EPVA) =
(P Vv Q)N (PVA) = (PV(QAA))
(P vV Q) APV A) = PV I(QANA))

add sentence hilb37

add sentence hilb7

replace Q by A in 2

replace P by B in 3

replace Aby (P V (Q A A))in4
replace B by ((P V Q) A (P V A))
in 5

MP with 1, 6

elementary equivalence in 7 at 5 of
hilb5 with hilb5

elementary equivalence in 8 at 12 of
hilb5 with hilb5

elementary equivalence in 9 at 17 of
hilb5 with hilb5

replace A by B in 10

replace Q by C in 11

replace P by D in 12

replace B by —A in 13

replace C by —Q in 14

replace D by =P in 15

reverse abbreviation and in 16 at
occurence 1

elementary equivalence in 17 at 1 of
hilb39 with hilb39

elementary equivalence in 18 at 1 of
hilb39 with hilb39

reverse abbreviation and in 19 at
occurence 1

reverse abbreviation and in 20 at

occurence 1

add sentence hilb36

add sentence hilb7

replace Q by A in 2

replace P by B in 3

replace A by (P V Q) A (P V A))
in 4

replace B by (P V (Q A A))in 5

MP with 1, 6
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FURTHER THEOREMS OF PROPOSITIONAL CALCULUS

8 =(PVQQ AN({FPVA) =(PV-(QAA)) clementary equivalence in 7 at 13 of
hilb5 with hilb5

9 (=(==(P vV Q) AN (P V A) = =(PV ~(Q N A)) clementary cquivalence in 8 at 4 of
hilb5 with hilb5

10 (=(==(P Vv Q) N—=~(PVA) = (PV QA A)) clementary equivalence in 9 at 9 of

hilb5 with hilb5

11 (_|(_|_‘(P V Q) _|_|(P V B)) = _|(P V _|_|(Q A\ B))) replace A by B in 10
12 (“(“ﬁ(P \Y C) ““(P \Y B)) = “(P V ““(C N B))) replace Q by C in 11
13 (_\(_‘_‘(D ) N _\ﬂ(D \Y B)) = ﬁ(D V _\ﬁ(C A B))) replace P by D in 12
14 (_|(_\_\(D ) A _\_‘(D V _|A)) = _|(D \Y _|_\(O A _\A))) replace B by —A in 13
15 (_‘(_‘_‘(D _‘Q) N _‘_|(D V _‘A)) = _|(D V _|_|(_\Q A\ replace C' by —Q in 14
~4)))
16 (_|(_|_‘(_‘P \Y _‘Q) A\ _‘_‘(_‘P V _‘A)) = _‘(_‘P V _|_‘(_‘Q A\ replace D by =P in 15
-A))
17 (_‘(_‘(P N Q) A _\_\(ﬂP \Y ﬂA)) = ﬂ(_|P V _|_\(_\Q N reverse abbreviation and in 16 at
_|A )) occurence 1
18 (_‘(_‘(P A\ Q) A\ _‘(P A\ A)) = _|(_|P \Y _‘_|(_|Q A\ _|A))) reverse abbreviation and in 17 at
occurence 1
19 (“(“(P A Q) A ﬁ(_P N A)) = (P N “(ﬁQ N “A))) reverse abbreviation and in 18 at
occurence 1
20 (((P A Q) \Y (P A A)) = (P A _\(_\Q N _\A))) elementary equivalence in 19 at 1 of
hilb39 with hilb39
2]. (((P AN Q) \Y (P A\ A)) = (P A\ (Q \Y A))) elementary equivalence in 20 at 1 of
hilb39 with hilb39
O

This module used by the following modules:

Name: predtheo2

Version: 1.00.00

Rule version: 1.02.00

Orgin: predtheo2_1.00.00_1.02.00.qgedeq
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