FURTHER THEOREMS OF PROPOSITIONAL CALCULUS

MICHAEL MEYLING

ABSTRACT. This module includes proofs of popositional calculus theorems. The following theorems and
proofs are adapted from D. Hilbert and W. Ackermann’s ‘Grundzuege der theoretischen Logik’ (Berlin
1928, Springer)
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This module has the following specification:

Name: prophilbert2

Version: 1.00.00

Rule version: 1.02.00

Orgin: http://www.meyling.com/principia/0_00_51/prophilbert2_1.00.00_1.
02.00.qgedeq

The following modules were used:

Name: prophilbert1

Version: 1.00.00

Rule version: 1.02.00

Orgin: prophilbert1_1.00.00_1.02.00.qgedeq
pdf: prophilbert1_1.00.00_1.02.00.pdf

Is used by the following modules:

Name: prophilbert3

Version: 1.00.00

Rule version: 1.02.00

Orgin: prophilbert3_1.00.00_1.02.00.qgedeq
pdf: prophilbert3_1.00.00_1.02.00.pdf

Date: 2002-07-27T20:55:58.
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Negation of a conjunction:

Theorem 0.1.
(P A Q) = (=P V =Q))

Proof.
1 (=P = P)
2 (~Q = Q)
3 (mo(=P vV 2Q) = (=P V =Q))
4 (P A Q) = (=P V =Q))
O

The reverse of a negation of a conjunction:

Theorem 0.2.
(=P Vv =Q) = ~(P A Q))

Proof.
1 (P = ——P)
2 (@ = Q)
3 (=P Vv —Q) = (=P V =Q))
4 (=P V =Q) = ~(P A Q)
O

Negation of a disjunction:

Theorem 0.3.
(=P VvV Q) = (=P A 2Q))

Proof.
1 (P = P)
2 @ = Q)
3 (=(P VvV Q) = ~(PV Q)
4 (=(PV Q) = ~(==P V Q)
5 (=(P Vv Q) = ~(==P VvV ==Q))
6 (=(P VvV Q) = (=P A ~Q))

Reverse of a negation of a disjunction:

add sentence hilb6

replace P by Q in 1

replace Q by (=P V —Q) in 2
reverse abbreviation and in 3 at oc-

curence 1

add sentence hilb5

replace P by Q in 1

replace Q by (-P V Q) in 2
reverse abbreviation and in 3 at oc-

curence 1

add sentence hilb2

replace P by Q in 1

replace Q by =(P VvV Q) in 2
elementary equivalence in 3 at 8 of
hilb5 with hilb5

elementary equivalence in 4 at 11 of
hilb5 with hilb5

reverse abbreviation and in 5 at oc-

curence 1
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Theorem 0.4.

Proof.
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The Conjunction is commutative:

Theorem 0.5.

Proof.

=W N =

]

4

=

(5P A =Q) = ~(P VvV Q)

(P AQ = (QAP)

A technical lemma that is simular to the previous one:

Theorem 0.6.

Proof.

T W N

ULl

(@ A P) = (P A Q)

add sentence hilb2

replace P by @Q in 1

replace Q by =(P VvV Q) in 2
elementary equivalence in 3 at 4 of
hilb5 with hilb5

elementary equivalence in 4 at 7 of
hilb5 with hilb5

reverse abbreviation and in 5 at oc-

curence 1

add sentence hilb2

replace P by Q in 1

replace Q by (P A Q) in 2

use abbreviation and in 3 at oc-
curence 2

elementary equivalence in 4 at 1 of
hilb9 with hilb9

reverse abbreviation and in 5 at oc-

curence 1

add sentence hilb22
replace Q by A in 1
replace P by B in 2
replace A by P in 3
replace B by Q in 4
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Reduction of a conjunction:

Theorem 0.7.

(P ANQ) = P)

Proof.
1 (P = (P V Q)
2 (P = (P Vv A)
3 (B = (BV A)
4 (B = (B V —Q))
5 (=P = (=P V —Q))
6 (P = Q) = (-Q = -P))
7 (P = A) = (WA = -P))
8 ((B = A) = (—\A = —\B))
9 (B = (=P V =Q)) = (=(=P Vv =Q) = -B))
10 (=P = (=P V -Q)) = (=(=P VvV -Q) = —--P))
11 (=(=P VvV -Q) = —-—P)
12 (P AN Q) = ——P)
13 (P NQ) = P)
O

Another form of a reduction of a conjunction:

Theorem 0.8.

(P AQ) = Q)

Proof.
1 (P ANQ) = P)
2 (P AN A = P)
3 (B ANA = B)
4 (B AN P) = B)
5 (@ N P) = Q)
6 (P ANQ) = Q)
O

The conjunction is associative too (first implication):

Theorem 0.9.

Proof.
1 (P V@) VA = (PV(@QVA)
2 (P =@ = (-Q = ~P))
3 (P = A = (WA = -P))

add axiom axiom?2

replace Q by A in 1

replace P by B in 2

replace A by —Q in 3

replace B by =P in 4

add sentence hilb7

replace Q by A in 6

replace P by B in 7

replace A by (=P V Q) in 8
replace B by =P in 9

MP with 5, 10

reverse abbreviation and in 11 at
occurence 1

elementary equivalence in 12 at 1 of

hilb6 with hilb6

add sentence hilb24
replace Q by A in 1
replace P by B in 2
replace A by P in 3
replace B by @ in 4
elementary equivalence in 5 at 1 of

hilb22 with hilb22

Q) N A))

add sentence hilb15
add sentence hilb7

replace Q by A in 2
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(B = A) = (-A = -B))
(B=(PV(QVA)=((PV(QVA)= -B))
((PVv@) VA= (PVQVA)=HPFPVQV
A) = ~((P v Q) Vv A4))

(=P VvV (QV A)=-(PVeQ)VA)

(=P VvV ==(@Q VvV A4) = (P V Q) Vv A4)

(=P Vv =@ VvV A) = ~(—(P Vv Q) V A)

(=(P VvV ==(Q Vv B)) = =(-=(P Vv Q) V B))

(=(P v ==(C V B)) = ~(—=—=(P Vv C) V B))

(=(D vV ==(C VvV B)) = =(-—(D Vv C) V B))

(=(D Vv ==(C Vv =A)) = ~(-—(D Vv C) v —A4))
(D V 2=(=Q V ~4)) = ~(==(D vV -Q) vV —4))
(2(=P V 2=(=Q V —A)) = —(==(=P V Q) vV —4))
(P A =(=Q V =4)) = ~(==(=P VvV =Q) V -4))

(==(=P VvV =Q) vV —4))
AN QA A) = (=(=PV -Q) A A)

(P A(@ A A) = ((PAQAA)

The conjunction is associative (second implication):

Theorem 0.10.

Proof.

ST W N

oo

10
11
12
13
14
15

(P A Q) AA) = (PA(QANA))

(P Vv (QVA4)=(PVQ)VA)

(P = Q) = (-Q = —P))

(P = A = (WA = -P))

(B = A) = (mA = —-B))

(B=((PVQ)VA) =PV VA = -B)
(P v (@VvA)=((PvVveEVvA) = -(rPVv
Q) vV A) = (P V(QV A))))

(P v Q) v A = =PV (QV A))

(=P v Q) VA = (P V (QV A4))

(=P vV Q) vV A) = (P V (Q V A))
(2(==(P VvV @) V B) = ~(P VvV —=(Q V B)))
(=(==(P v C) V B) = =~(P VvV =—=(C VvV B)))
(=(——(D v C) vV B) = (D v —==(C VvV B)))
(=(—=—(D v C) vV =A) = (D v =—(C Vv —A)))
(2(==(D VvV =Q) V 24) = (D V =(=Q V —4)))
((==(=P V Q) V mA) = (=P V 20(=Q V ~4)))

replace P by B in 3
replace A by (P V (Q vV A))in4
replace B by (P V Q) V A)in5

MP with 1, 6

elementary equivalence in 7 at 5 of
hilb5 with hilb5

elementary equivalence in 8 at 12 of
hilb5 with hilb5

replace A by B in 9

replace Q by C in 10

replace P by D in 11

replace B by —A in 12

replace C by —=Q in 13

replace D by =P in 14

reverse abbreviation and in 15 at
occurence 1

reverse abbreviation and in 16 at
occurence 1

reverse abbreviation and in 17 at
occurence 1

reverse abbreviation and in 18 at

occurence 1

add sentence hilb14

add sentence hilb7

replace Q by A in 2

replace P by B in 3

replace A by ((P V Q) V A)in4
replace B by (P V (Q V A))in5

MP with 1, 6

elementary equivalence in 7 at 4 of
hilb5 with hilb5

elementary equivalence in 8 at 13 of
hilb5 with hilb5

replace A by B in 9

replace Q by C in 10

replace P by D in 11

replace B by —A in 12

replace C by —=Q in 13

replace D by =P in 14
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(=(=P Vv =Q) A A) = ~(=P V ==(=Q V —4)))

(P AQ)AA) = =(=PV -=(=Q V —4))

(P AQ ANA) = (PA-(=QV —4)

(PAQ)AA) = (PARQRAA)

Form for the conjunction rule:

Theorem 0.11.

Proof.

0O Uik Wi

10
11

12

13

O

SESESICVCNE g

T8

P = (@ = (P AQ))

-P)

vV =Q) V (=P VvV =Q))

vVe)Vv A = (PV(QV A4)

V@)V B)= (PV(QV B)))

v C)V B) = (PV (CV B))

v C)V B) = (DV (CV B))

VCO)V (=P V=Q) = (DV(CV(=PV-Q))))
V =Q) V (=P V =Q)) = (DV (=Q V ~(=P Vv
)))

)
<
1
)
<
a1
1
)
<
1
)
\
T
)
<
n
O
<
n
B
<

(P = (@ = (P AQ))

Preconditions could be put together in a conjunction (first direction):

Theorem 0.12.

Proof.

(P = (@ = 4) = (P AQ = 4)

reverse abbreviation and in 15 at
occurence 1
reverse abbreviation and in 16 at
occurence 1
reverse abbreviation and in 17 at
occurence 1
reverse abbreviation and in 18 at

occurence 1

add sentence hilb4

replace P by (=P V —Q) in 1
add sentence hilbl5

replace A by B in 3

replace Q by C in 4

replace P by D in 5

replace B by =(=P V —Q) in 6
replace C' by =Q in 7

replace D by —P in 8

MP with 2, 9

reverse abbreviation impl in 10 at
occurence 1

reverse abbreviation impl in 11 at
occurence 1

reverse abbreviation and in 12 at

occurence 1

add sentence hilb2

replace P by @ in 1

replace Q by (P = (Q = A)) in
2
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4 ((P = (Q = A)) = (_|P \Y (Q = A))) use abbreviation impl in 3 at oc-
curence 4

5 ((P = (Q = A)) = (“P V (“Q \Y A))) use abbreviation impl in 4 at oc-
curence 4

6 ((P = (Q = A)) = ((_|P V _|Q) \Y A)) elementary equivalence in 5 at 1 of
hilb1l4 with hilb14

7 ((P = (Q = A)) = (_|_‘(_‘P V _‘Q) V A)) elementary equivalence in 6 at 8 of
hilb5 with hilb5

8 ((P = (Q = A)) = (_\(_\P \Y _\Q) = A)) reverse abbreviation impl in 7 at oc-
curence 1

9 ((P = (Q = A)) = ((P A Q) = A)) reverse abbreviation and in 8 at oc-
curence 1

(]

Preconditions could be put together in a conjunction (second direction):

Theorem 0.13.
(P AQ)=4) = (P =(@Q=4)

Proof.

]. (P = P) add sentence hilb2

2 (Q = Q) replace P by Q in 1

3 ((P = (Q = A)) = (P = (Q = A))) replace Q by (P = (Q = A))in
2

4 ((_‘P \Y (Q = A)) = (P = (Q = A))) use abbreviation impl in 3 at oc-
curence 2

5 ((“P V (“Q V A)) = (P = (Q = A))) use abbreviation impl in 4 at oc-
curence 2

6 (((_‘P \Y _‘Q) \Y A) = (P = (Q = A))) elementary equivalence in 5 at 1 of
hilb14 with hilb14

7 ((_‘_‘(_‘P V _‘Q) V A) = (P = (Q = A))) elementary equivalence in 6 at 3 of
hilb5 with hilb5

8 ((“(“P V “Q) = A) = (P = (Q = A))) reverse abbreviation impl in 7 at oc-
curence 1

9 (((P A Q) = A) = (P = (Q = A))) reverse abbreviation and in 8 at oc-
curence 1

(]

Absorbtion of a conjunction (first direction):

Theorem 0.14.
(P AN P) = P)

Proof.
]. ((P N Q) = P) add sentence hilb24
2 ((P N P) = P) replace Q by P in 1
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Absorbtion of a conjunction (second direction):

Theorem 0.15.
(P = (P AN P))

Proof.
1 (P Vv P) = P) add sentence hilb11
2 (P = Q) = (-Q = -P)) add sentence hilb7
3 (P = A = (WA = -P)) replace @ by A in 2
4 (B = A) = (-A = -B)) replace P by B in 3
5 (B = P) = (nP = -B)) replace A by P in 4
6 ((PVv P)= P)= (P = (P V P))) replace B by (P V P)in 5
7 (=P = (P VvV P)) MP with 1, 6
8 -Q = -(Q VvV Q) replace P by Q in 7
9 (==P = =(=P Vv —P)) replace Q by P in 8
10 (P = —(=P VvV —=P)) elementary equivalence in 9 at 1 of
hilb6 with hilb6
11 (P = (P AN P)) reverse abbreviation and in 10 at
occurence 1
O

Absorbtion of identical preconditions (first direction):

Theorem 0.16.
(P =(F=0Q)=F=Q)

Proof.
1 (P =(Q=4) = (P NQ = A4) add sentence hilb29
2 (P = (= B) = (PANQ = B) replace A by B in 1
3 (P = (C = B) = (PnNC) = B) replace Q by C in 2
4 (D= (C=B)=({(DAC)= B) replace P by D in 3
5 (D= (C=0Q)=({(DANC = Q) replace B by Q in 4
6 (D= (P =0Q)=({(DANP) = Q) replace C by P in 5
7 (P=(P=Q)={(PANP=Q) replace D by P in 6
8 (P = (P=Q)=(P=0Q) elementary equivalence in 7 at 1 of

hilb31 with hilb31

O

Absorbtion of identical preconditions (second direction):
Theorem 0.17.
(P = Q) = (P = (P=Q)
Proof.
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FURTHER THEOREMS OF PROPOSITIONAL CALCULUS

A))) add sentence hilb30
B))) replace A by B in 1
B))) replace Q by C in 2
B))) replace P by D in 3
Q))) replace B by Q in 4
Q)))

replace C by P in 5
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Q))) replace D by P in 6
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elementary equivalence in 7 at 1 of

hilb31 with hilb31

This module used by the following modules:

Name: prophilbert3

Version: 1.00.00

Rule version: 1.02.00

Orgin: prophilbert3_1.00.00_1.02.00.qgedeq
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