FIRST THEOREMS OF PROPOSITIONAL CALCULUS

MICHAEL MEYLING

ABSTRACT. This module includes first proofs of propositional calculus theorems. The following theorems
and proofs are adapted from D. Hilbert and W. Ackermann’s ‘Grundzuege der theoretischen Logik’
(Berlin 1928, Springer)
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First we prove a simple implication, that follows directly from the fourth axiom:

Theorem 0.1.
(P=Q) = (A= P = (4=0Q))

Proof.
1 (P=Q = (AVv P) = (AV Q)
(P =@ = (mAV P) = (74 V Q)
3 (P=@Q@ = ((4=P) = (-4AV Q)
4 (P=Q = ((4=P = (4=0Q))

O

This proposition is the form for the Hypothetical Syllogism.

The self implication could be derived:

Theorem 0.2.

(P = P)

Proof.

1 (P> (PVQ)

2 (P = (P V P)

3 (P VvV P) = P)

4 (P=Q = (4=P = A=Q)

5 (P =@ = (B = P) = (B= Q)

6 (P=0C) = (B =P = (B=10))

7 (D=0C) = (B= D)= (B =10)

8 (D=0C) = (P=D = (P=0)

9 (D= P)= (P=D) = (P=P))

10 (PvP)y=P) = (P=(PVP)=(P=P)

11 (P = (PVvDP)=(P=0P)

12 (P = P)

]

One form of the classical ‘tertium non datur’

Theorem 0.3.

(=P Vv P)
Proof.
1 (P = P)
2 (=P VvV P)

add axiom axiom4

replace A by =A in 1

reverse abbreviation impl in 2 at oc-
curence 1

reverse abbreviation impl in 3 at oc-

curence 1

add axiom axiom2
replace Q by P in 1
add axiom axioml
add sentence hilbl
replace A by B in 4
replace Q by C in 5
replace P by D in 6
replace B by P in 7
replace C by P in 8
replace D by (P Vv P)in 9
MP with 3, 10

MP with 2, 11

add sentence hilb2
use abbreviation impl in 1 at oc-

curence 1
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The standard form of the excluded middle:
Theorem 0.4.

(P Vv —P)
Proof.

1 (_\P V P) add sentence hilb3

2 ((P \Y Q) = (Q V P)) add axiom axiom3

3 ((P \Y A) = (A V P)) replace Q by A in 2
4 ((B V A) = (A V B)) replace P by B in 3
5 ((B \Y P) = (P V B)) replace A by P in 4
6 ((_\P V P) = (P V _\P)) replace B by =P in 5
7 (P vV =P) MP with 1, 6
(]

Double negation is implicated:

Theorem 0.5.

(P = —--P)
Proof.
1 (P V _‘P) add sentence hilb4
2 (_|P V _|_\P) replace P by =P in 1
3 (P = _|_‘P) reverse abbreviation impl in 2 at oc-
curence 1
g
The reverse is also true:
Theorem 0.6.
(——P = P)
Proof.
1 (P = _\ﬂP) add sentence hilb5s
2 (_|P = _‘_|_\P) replace P by =P in 1
3 ((P = Q) = ((A \Y P) = (A V Q))) add axiom axiom4
4 ((P = Q) = ((B \Y P) = (B V Q))) replace A by B in 3
5 ((P = C) = ((B \Y P) = (B V C))) replace Q by C in 4
6 ((D = C) = ((B V D) = (B V C))) replace P by D in 5
7 ((D = C) = ((P \Y D) = (P V C))) replace B by P in 6
8 ((D = _‘_‘_‘P) = ((P V D) = (P \Y _\_|_|P))) replace C' by =—==P in 7
9 ((_‘P = _‘_‘_‘P) = ((P V _|P) = (P \Y _|_‘_|P))) replace D by —P in 8
10 (P Vv =P) = (P Vv —-—=P)) MP with 2, 9
11 (P V “P) add sentence hilb4
12 (P vV —|—\—\P) MP with 11, 10
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(PVvQ = (QVP)

(PVv A = (AvV P)

(Bv A = (AV B))

((B vV ﬂ—\—\P) = (ﬂ—\—\P V B))
(P VvV —=—==P) = (=P V P))
(——=P VvV P)

(——P = P)

The correct reverse of an implication:

Theorem 0.7.

Proof.

0O Uik Wi

23

24
25

26

—~

((

(P = Q) = (-Q = -P))

P Vv Q) = (-—Q VvV =P))
P = Q) = (-Q Vv ~P))

(P = ﬁﬁP)

Q@ = ——Q)

(P =Q) = (AVv P = (4V Q)
(P=Q) = (BV P = (BVAQ)

(P =0C)= (BVP) = (BV(DO)
(D=0C) = (BvD = (BvVO(0))

(D= C) = (P V D) = (=P V()

(D = Q) = (=P Vv D) = (=P VvV ==Q)))
(@ = Q) = (=P V Q) = (=P V ==Q)))
(=P V Q) = (=P V =7Q))

(P Vv Q) = (QVP)

(PVv A = (AvV P)

(BVv A = (AV B))

(B V -=Q) = (-=Q V B))

(=P V ==Q) = (-=Q V ~P))

(P=Q) = (A= P =(A=Q))
(P=Q) = ((B=7P) = (B=0Q))
(P=0C) = (B=P) = (B=20)
(D=0 = (B= D) = (B=1(0))

(D= C)= (-PVQ) = D)= (~PVQ) = ()
(D = (—Q Vv =-P)) = (=P Vv Q) = D)
(=P VvV Q) = (==Q V =P))))

(=P Vv —Q) = (——Q V =-P)) = (((-P Vv Q) =
(=P V ==Q)) = (=P V Q) = (==Q V =P))))
(=P Vv Q) = (=P VvV Q) = (P V Q)
EﬁﬂQ vV —P)))

(

v
I
Q

) = (Q = —P))

add axiom axiom3

replace Q by A in 13

replace P by B in 14

replace A by =——=P in 15

replace B by P in 16

MP with 12, 17

reverse abbreviation impl in 18 at

occurence 1

add sentence hilb5
replace P by @Q in 1
add axiom axiom4
replace A by B in 3
replace Q by C in 4
replace P by D in 5
replace B by =P in 6
replace C' by =—Q in 7
replace D by @Q in 8
MP with 2, 9

add axiom axiom3
replace Q by A in 11
replace P by B in 12
replace A by =—=Q in 13
replace B by —P in 14
add sentence hilbl
replace A by B in 16
replace Q by C in 17
replace P by D in 18
replace B by (=P V Q) in 19
replace C by (-=Q V —P) in 20

replace D by (=P V —-Q) in 21

MP with 15, 22

MP with 10, 23

reverse abbreviation impl in 24 at
occurence 1

reverse abbreviation impl in 25 at

occurence 1
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Definition of an Implication 1. part:

Theorem 0.8.
(P = Q) = (=P V Q)

Proof.
1 (P = P)
2 (A = A)
3 (P =@ = (P = Q)
4 (P = Q) = (=P V Q)
O

Definition of an Implication 2. part:

Theorem 0.9.
(=P Vv Q) = (P = Q)

Proof.
1 (P = P)
2 (A = A)
3 (P =@ = (P = Q)
4 (=P V Q) = (P = Q)
O

Definition of a Conjunction 1. part:

Theorem 0.10.
(P ANQ) = =(=PV -Q))

Proof.
1 (P = P)
2 (A = A)
3 (P ANQ) = (P AQ))
4 (P AQ) = =(=PV =Q))
O

Definition of a Conjunction 2. part:

Theorem 0.11.
(—|(—\P V —|Q) = (P A Q))

Proof.

add sentence hilb2

replace P by A in 1

replace A by (P = Q) in 2

use abbreviation impl in 3 at oc-

curence 3

add sentence hilb2

replace P by A in 1

replace A by (P = Q) in 2

use abbreviation impl in 3 at oc-

curence 2

add sentence hilb2

replace P by A in 1

replace A by (P A Q) in 2

use abbreviation and in 3 at oc-

curence 2
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1 (P = P)

2 (A = A

3 (P ANQ) = (PAQ)

4 (=(=P VvV -Q) = (P A Q)
|

Definition of an Equivalence 1. part:

Theorem 0.12.

(P& Q) = (P=0Q A(@=P))

Proof.
1 (P = P)
2 (A = A
3 (P e Q) = (P < Q)
4 (PeQ = (P=
O

Definition of an Equivalence 2. part:

Theorem 0.13.

(P =@ nN(@=P)=(PeQ)

Proof.
1 (P = P)
2 (A = A
3 (P& Q) = (P < Q)
4 (P=Q A (@=7P
O

A simular formulation for the second axiom:

Theorem 0.14.

(P = (QV P)

Proof.
1 (P = (PV Q)
2 (P v Q) =(@QVDP)
3 (P=Q) = (A= P) = (A
4 (P=Q) = (B=P) = (B
5 (P=0C)= (B=P) = (B
6 (D=0C) = ((B=D) = (B

add sentence hilb2

replace P by A in 1

replace A by (P A Q) in 2

use abbreviation and in 3 at oc-

curence 1

add sentence hilb2

replace P by A in 1

replace A by (P < Q) in 2

use abbreviation equi in 3 at oc-

curence 2

add sentence hilb2

replace P by A in 1

replace A by (P < Q) in 2

use abbreviation equi in 3 at oc-

curence 1

add axiom axiom2
add axiom axiom3
add sentence hilbl
replace A by B in 3
replace Q by C in 4

replace P by D in 5
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7 (D=0C)= (P=D) = (P=0)) replace B by P in 6

8 (D= (QvVP)=({(P=D = (P=(QVP))) replace C by (Q V P)in 7

9 (PveQ =@QVDP)=((P=(PvVQ)= replace D by (P V Q) in 8
(P = @V )

10 (P=(PVQ)=(P=(@QVP)) MP with 2, 9

11 (P = (Q vV P)) MP with 1, 10

O

A technical lemma (equal to the third axiom):

Theorem 0.15.
(Pv@ = (@VP)
Proof.

1 ((P \Y Q) = (Q \Y P)) add axiom axiom3

]

And another technical lemma (simular to the third axiom):

Theorem 0.16.
(@ v P) = (PV Q)

Proof.
]. ((P \Y Q) = (Q \Y P)) add axiom axiom3
2 ((P V A) = (A V P)) replace Q by A in 1
3 ((B \Y A) = (A V B)) replace P by B in 2
4 ((B \Y P) = (P V B)) replace A by P in 3
5 ((Q \ P) = (P \% Q)) replace B by Q in 4
(I

A technical lemma (equal to the first axiom):

Theorem 0.17.
(P vV P) = P)

Proof.

1 ((P \Y P) = P) add axiom axioml

]

A simple propositon that follows directly from the second axiom:

Theorem 0.18.
(P = (P V P))
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replace Q by P in 1
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(P Vv (@QV A) = (QV(PV A)

This is a pre form for the associative law:

Theorem 0.19.

Proof.
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MP with 146, 150

151

Bby (P V (Q V A)) in 60

replace

152

Cby (P V Q) V A)in

replace

ce Cby ((P VvV Q) VvV A) =
(P Vv (Q VvV A)))in 147
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Dby (-((P VvV Q) V A) Vv
(P VvV (Q VvV A)))in 154
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Another consequence from hilb13 is the exchange of preconditions:

Theorem 0.22.

(P = (@ =4) = (@@= (P = 4)

Proof.

nplin 7 at oc-

iation in

Dby =P in 6
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(P =@ = 4) = (@ = (=PV A4)
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(P =@=4)=(@=(F=4)
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An analogus form for 77:
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FIRST THEOREMS OF PROPOSITIONAL CALCULUS

Theorem 0.23.

Proof.
1 (P =(@Q=4) = (@@= (P = 4)
2 (P = (@ = B) = (@ = (P = B))
3 (P = (C = B) = (C=(P=B)
4 (D= (C = B) = (C= (D = B))
5 (D= (C = A4) = (C= (D= A4)
6 (D= (P=A) = (P = (D= A4))
7 (@ = (P = A4) = (P =(@Q = 4)
|
This module used by the following modules:
Name: prophilbert2
Version: 1.00.00
Rule version: 1.00.00
Orgin: prophilbert2_1.00.00_1.00.00.qgedeq
pdf: prophilbert2_1.00.00_1.00.00.pdf

E-mail address: principa@meyling.com

add sentence hilb16
replace A by B in 1
replace Q by C in 2
replace P by D in 3
replace B by A in 4
replace C' by P in 5
replace D by Q in 6
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